We present efficient approximation of the error function obtained by Fourier expansion of the exponential function exp
where z = x + iy is a complex argument. It is shown that the real and imaginary parts of the complex error function w (x, y) = K (x, y) + iL (x, y) can be expressed as [3] K (x, y) = 1 √ π 
respectively. The real part (2) of the complex error function is known as the Voigt function. Combining the real (2) and imaginary (3) parts together results in
It is useful to introduce a real constant σ > 0 and rewrite the complex error function (4) as 
We have shown previously that exponential function can be approximated in form [4] 
where the Fourier expansion coefficients are
and τ m is the margin value [4, 5] . Consequently, from approximation (6) it follows that e −(t−2σ)
Geometrically, the peak of the exponential function e
2 /4 is shifted towards right with respect to origin by value equal to 2σ. Therefore, further we will refer to the value σ as the shift constant.
Substituting approximation (7) into complex error function approximation (5) leads to the following complex error function approximation
Approximation (8) of the complex error function can be conveniently rewritten in form
where A n = 2τ m e σ 2 −n 2 π 2 /τ 2 m cos (2nπσ/τ m ) and B n = 2nπe
are the coefficients that are independent of x and y parameters. Another useful approximation of the complex error function is given by [6] (see also [7] )
In contrast to equation (10), the complex error function approximation (9) is based on superposition of rational functions. Therefore, it is advantageous for more rapid computation.
It should be noted that due to rapid convergence of equations (6) and (7), both complex error function approximations (9) and (10) provide essentially higher accuracy than the complex error function approximation proposed earlier by Weideman (see equation (13) in [8] and also [6] for comparison). This tendency becomes particularly evident at y < 10 −3 .
Proposed error function approximation
Let us return to equation (1) and rewrite it as
Consequently, substituting the complex error function approximation (9) into identity (11) yields a simple approximation of the complementary error function
The corresponding approximation of the error function can be obtained by using the following equation
This leads to
As all terms inside the brackets of equation (14) are complex error function approximation w (iz) based on superposition of rational functions, the approximation (14) is effective for implementation in a rapid algorithm.
Error analysis
In order to perform error analysis it is convenient to define the relative errors for the real and imaginary parts as To obtain the reference we can substitute the complex error function approximation (10) into identity (11). This results to complimentary error function approximation
Consequently, from equations (13) and (15) we obtain highly accurate approximation of the error function suitable to generate the reference values Tables 1 and 2 show the error function values from approximations (14), (16) and relative error for their real and imaginary parts. In both approximations (14) and (16) the parameters taken for computation are N = 23 and τ m = 12. In approximation (14) the shift constant is chosen to be σ = 2. As we can see from second and third columns in these tables, the numbers generated by approximations (14) and (16) can match up to the last decimal digit. The negligibly small relative errors for the real and imaginary parts shown in the last columns of the Tables 1 and 2 confirm high accuracy of the proposed error function approximation (14). Despite of it, these approximations are applicable not only in the first x > 0, y > 0 and fourth x > 0, y < 0 quadrants, but can also be extended to the second x < 0, y > 0 and third x < 0, y < 0 quadrants.
Specifically, from the property of the complex error function [9, 10] w (−z) = 2e −z 2 − w (z) and equation (1) it follows that erfc (−z) = 2 − erfc (z) ,
Finally, from equation (13) and (17) we obtain
Considering equations (17) and (18) we can notice that the parameter x on the right side is positive. This signifies that the approximations (12) and (14) of the complimentary error function can be applied for the entire coverage of the complex plane according to equation (17) . Similarly, the approximations (15) and (16) can be employed for the entire coverage of the complex plane according to equation (18).
Conclusion
We present an error function approximation obtained by Fourier expansion of the exponential function exp −(t − 2σ) 2 /4 for high-accuracy computation. The error analysis shows that the proposed approximation (14) generates numbers matching up to the last decimal digits with reference values. Due to simple representation, the proposed error function approximation is efficient for implementation in a rapid algorithm.
